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Computing base extensions of ordinary abelian
varieties over finite fields
StefanoMarseglia
Abstract
Westudy basefield extensions of ordinary abelian varieties defined over
finite fields using themodule theoretic description introduced by Deligne.
As applications we give algorithms to determine the minimal field of def-
inition of such a variety and to determine whether two such varieties are
twists.
1 Introduction
Abelian varieties over C can easily be described in terms of tori. Indeed for
a complex abelian variety A of dimension d we have an isomorphism A(C) ≃
Cd/L, where L is a Z-lattice of rank 2d . This association does not hold on the
whole category of abelian varieties when we move to the wilder realms of posi-
tive characteristic. The reason is that there are objects such as the supersingular
elliptic curves with quaternionic endomorphism algebra, which does not admit
a 2-dimensional representation over Q.
Nevertheless, if we restrict our attention to the ordinary abelian varieties
(that is, having p-torsion of maximal rank) over a finite field Fq of characteristic
p , then we can still mimic the result from the complex world. More precisely,
Deligne in [Del69] proved that the category AVord(q) of ordinary abelian vari-
eties over Fq is equivalent to the category M
ord(q) of Z-modules with a “Frobe-
nius endomorphism". We recall the precise statement of Deligne’s theorem in
Section 2.
Fix an isogeny classes of ordinary abelian varieties over Fq , which byHonda-
Tate theory is uniquely determined by a q-Weil polynomial h. The subcategory
M (h) ofmodules inM ord(q) whose characteristic polynomial of Frobenius is h,
under some assumptions on h, becomes easy to describe in terms of categories
of modules and fractional ideals over orders in product of number fields. Such
descriptions are given in [Mar18] and [Mar19] and are recalled in Theorem 5.2.
In this paper we use these module-theoretic descriptions and the related
computational tools to study the functor associating to an abelian variety A in
AVord(q) its base extension A⊗Fq Fqr in AVord(qr ), for a fixed positive integer r .
In particular, if A is a simple abelian variety in AVord(q) with characteristic poly-
nomial of Frobenius h, then the characteristic polynomial of A⊗Fq Fqr will be of
the form g s for some irreducible qr -Weil polynomial and positive integer s, as
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we recall in Section 3. See also Remark 4.3 for a generalization to non-simple
abelian varieties.
Section 4 contains the main results of the paper, namely Theorem 4.1 and
Corollary 4.2 which describe the functor −⊗Fq Fqr : AV(h)→AV(g s ) in terms of a
functor E2 defined on the category ofmodules. The definition of E2 is well suited
for computations on the isomorphism level, as we explain in detail in Section
5. In particular it allows us to explicitly compute twists of abelian varieties and
their (minimal) fields of definition. These two applications are discussed in Sec-
tions 6, 7 and 8. The algorithms developed, which are available on the webpage
of the author, allow us to compute explicit examples, which we include in the
various sections of the paper. In particular see Examples 5.4, 6.3, 6.4, 7.5, 8.1,
8.3, 8.4 and 8.5.
It is worth mentioning that there are other descriptions of subcategories of
the category of abelian varieties over finite fields in terms of modules with extra
structure other than the one of Deligne. More precisely [CS15] deals only with
abelian varieties over prime fields Fp , while in [Lau02, Appendix], [Kan11] and
[JKP+18] discuss functors on categories of abelian varieties isogenous to powers
of elliptic curves. Moreover, in [Vog19] the author studies the behaviour of the
functor introduced in [JKP+18] in relation to Galois field extensions. An equiva-
lence of categories for almost ordinary simple abelian varieties over finite fields
of odd characteristic similar to one of Deligne has been described in [OS]. We
chose to work with DeligneâA˘Z´s equivalence because it allows us to deduce re-
sults also about powers of abelian varieties of dimension greater than 1.
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2 Preliminaries
Let AVord(q) be the category of ordinary abelian varieties over Fq . Consider the
category M ord(q) consisting of pairs (T,F ) where T is a finitely generated free
Z-module and F is an endomorphism of T such that
• F ⊗Q is semisimple with eigenvalues of complex absolute valuepq,
• the characteristic polynomial h of F is ordinary, that is, exactly half of the
roots of h are p-adic units, and
• there exists an endomorphism V of T such that FV = q .
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Theorem 2.1. [Del69, Théorème] There is an equivalence of categories
F
ord : AVord(q)→M ord(q).
If F ord(A)= (T,F ) then rankZ(T )= 2dim(A) and F corresponds to the Frobenius
endomorphism of A.
Let A be an abelian variety over Fq . Denote by hA the characteristic polyno-
mial of Frobenius of A. Recall that hA is a q-Weil polynomial, that is, a monic
polynomial of even degree with integer coefficients and with complex roots of
absolute value equal to
p
q. By Honda-Tate theory, the polynomial hA uniquely
determines the isogeny class of A, in the sense that, for an abelian variety B over
Fq ,
A ∼Fq B⇐⇒ hA = hB ,
where hB is the characteristic polynomial of the Frobenius of B , see [Tat66].
Moreover, by [Hon68] and [Tat71], one can use q-Weil polynomials to list all
isogeny classes of abelian varieties over Fq of given dimension.
Let h be the characteristic polynomial of Frobenius of an ordinary abelian
variety over Fq and let AV(h) be the full subcategory of AV
ord(q) consisting of
abelian varieties in the isogeny class determined by h. Denote by M (h) the im-
age of AV(h) under Ford.
For a squarefree q-Weil polynomial g ∈ Z[x] we put Kg = Q[x]/(g ) and α =
x mod g . Let Rg be the orderZ[α,q/α] in Kg and denote byB(g , s) the category
of torsion free Rg -modules M of rank s, that is, such that M ⊗Kg ≃ K sg . In what
follows we will always think of such a module as embedded in K sg . Note that the
objects of the category B(g ,1) are just fractional Rg -ideals.
Theorem2.2. [Mar19, Theorem4.1] Assume that h = g s for some squarefree poly-
nomial g . There is an equivalence of categories
Gh :M (h)→B(g , s).
We briefly describe the functor Gh. Given a pair (T,F ) ∈ M (h) we have a
natural identification between Rg and Z[F,V ] given by α 7→ F , which induces an
Rg -module structure on T . Denote byM this module and set Gh((T,F ))=M .
Definition 2.3. Define the functor Fh : AV(h)→B(g , s) as the composition Gh ◦
F
ord.
3 Isogeny classes and field extensions
Let A be an abelian variety over Fq of dimension g , let h = hA be the char-
acteristic polynomial of Frobenius of A. Let r be a positive integer and put
Ar = A⊗Fq Fqr and denote by hr the characteristic polynomial of Frobenius of
Ar . Explicitly, if dim(A)= d and
h = (x−α1) · . . . · (x−α2d )
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over the complex numbers, then
hr = (x−αr1) · . . . · (x−αr2d ).
One has hr ∈Z[x] and, in particular, hr is a qr -Weil polynomial of degree 2g . All
these results are well-known, see for example [Sti09, Theorem 5.1.15].
Recall that an abelian variety A is isotypic if A is isogenous to Bn for some
simple abelian variety B and positive integer n.
Proposition 3.1 ([CCO14, Prop. 1.2.6.1]). If A is isotypic then Ar is isotypic for
every r ≥ 1.
The statement does not hold over an arbitrary field, see [CCO14, Ex. 1.2.6]
Also, the converse does not hold: if Ar is isotypic then A does not need to be so,
as the next example shows.
Example 3.2. If A is an abelian surface over F31 with characteristic polynomial
hA = (x2−3x+31)(x2+3x+31)
then A is isogenous to the product of two non-isogenous elliptic curves E1 and E2.
On the other hand E1 and E2 become isogenous over F312 and indeed the charac-
teristic polynomial of A2 = A⊗F312 is
hA2 = (x2+53x+961)2 .
An isotypic abelian variety A over Fq has characteristic polynomial of Frobe-
nius of the form h = g s , where g is an irreducible q-Weil polynomial. The next
result is well-known and we include a proof for completeness.
Proposition3.3. Let h be the characteristic polynomial of Frobenius of an abelian
variety over Fq . Assume that h is irreducible. Then for every r > 0we have hr = g s
for some irreducible polynomial g and some positive integer s, both depending
on r . Moreover, if s = 1 then Ar is simple (over Fqr ). If A is ordinary, then s = 1 if
and only if Ar is simple .
Proof. Denote by Kh the number fieldQ[x]/(h) and putαh = x mod h. Consider
the ring homomorphism
χ :Q[x]−→Kh
x 7−→αrh
and denote by g the generator of the kernel of χ. Since Kh is a field, the quotient
Kg =Q[x]/(g ) must be a field as well, that is, g is irreducible. In particular, g is
theminimal polynomial of the roots of hr and hence hr is a power of g . Observe
thatKh is a finite extension of Kg , say of degree [Kh :Kg ]= s. Since h andhr have
the same degree, we obtain that hr = g s .
If s = 1 then hr is irreducible, which, by Honda-Tate theory, implies that Ar
is a simple abelian variety over Fqr . The last statement follows from the fact that
a simple ordinary abelian variety has an irreducible characteristic polynomial,
see [How95, Theorem 3.3].
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4 Isomorphism classes and field extensions
Let h be the characteristic polynomial of a simple ordinary abelian variety A
over Fq and hr the characteristic polynomial of Ar = A⊗Fqr . By Proposition 3.3
we know that hr = g s for some irreducible polynomial g . Put Kg =Q[x]/(g ) and
Kh =Q[x]/(h), and denote by αg and αh the classes of x modulo g and modulo
h, respectively. Define Rg =Z[αg ,qr /αg ]⊂Kg and Rh =Z[αh ,q/αh ]⊂Kh .
Since h is irreducible, by Theorem 2.2 the abelian varieties isogenous to
A correspond via the functor Fh to the fractional ideals of the order Rh and
the abelian varieties isogenous to Ar functorially correspond to the modules in
B(g , s). We want to understand how the functor −⊗Fq Fqr acts on these cate-
gories.
As already shown in the proof of Proposition 3.3, the field Kg is naturally a
subfield of Kh where the inclusion is given by αg 7→ αrh . Equivalently, we have
that Kh is a field extension of degree
[Kh :Kg ]=
deg(h)
deg(g )
= s.
So in particular there exists a polynomial l ∈Kg [y] of degree s such that
Kg  p
  ❆
❆
❆
❆
❆
❆
❆

 // Kh
Kg [y]
(l )
ϕ≃
OO
where the isomorphism ϕ is given by
y 7→αh ,
αg 7→αrh
where y = y mod l . Observe that
Kg [y]
(l )
=Kg ⊕ yKg ⊕ . . .⊕ y s−1Kg
and that there is a natural isomorphism of Rg -modules
ψ :Kg ⊕ yKg ⊕ . . .⊕ y s−1Kg ∼−→
s−times︷ ︸︸ ︷
Kg × . . .×Kg
s−1∑
i=0
bi y
i 7−→ (b0, . . . ,bs−1).
Consider the functors
E1 :M (h)→M (hr )
(T,F ) 7→ (T,F r )
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and
E2 :B(h,1)→B(g , s)
I 7→ψ(ϕ−1(I )),
the action on morphisms being the obvious one. Let Gh : M (h)→B(h,1) and
Ghr :M (hr )→B(g , s) be defined as in Theorem 2.2.
Theorem 4.1. We have a commutative diagram of functors:
AV(h)
−⊗Fqr

F
ord
//
Fh
++
M (h)
E1

Gh
// B(h,1)
E2

AV(hr )
F
ord
//
Fhr
33M (hr )
Ghr // B(g , s)
Proof. Let A be an abelian variety in AV(h) and put Ford(A) = (T,F ). As usual
denote A⊗Fqr by Ar . Then Ford(Ar )= (T,F r ) which proves the commutativity
of the left square of the diagram. The commutativity of the right square follows
from the above discussion.
A straightforward generalization of the previous result leads to the following
corollary.
Corollary 4.2. Let t be a positive integer. We have a commutative diagram of
functors:
AV(ht )
−⊗Fqr

F
ord
//
Fht
++
M (ht )
E1

Ght
// B(h, t)
E2

AV(htr )
F
ord
//
Fhtr
33M (h
t
r )
Ghtr // B(g , t s)
Remark 4.3. In this section, and in the following ones, we assume that the q-
Weil polynomial h is irreducible, that is, that AV(h) is a simple isogeny class. If we
relax this assumption and instead assume that h is squarefree then the extension
AV(hr ) might fail to be a “pure power”. More precisely, if A ∈ AV(h) has isogeny
decomposition
A ∼Fq B1× . . .×Bt ,
where B1, . . . ,Bt are simple abelian varieties over Fq , then
Ar ∼Fqr C
s1
1 × . . .×C
st ′
t ′ , (*)
where C1, . . . ,Ct ′ are simple abelian varieties over Fqr and s1, . . . , st ′ are positive
integers, not necessarily equal. Nevertheless, we can still apply all the results de-
veloped in this section and in the following ones if we assume that hr = g s for a
squarefree qr -Weil polynomial, that is, in (*)we have s1 = . . .= st ′ = s.
6
5 Computations inB(g , s)
Let the notation be as in Section 4. In this section, firstly, we describe how to
compute representatives of the isomorphism classes of B(g , s) and the functor
E2 in the cases when hr is irreducible or the order Rg is Bass, see Subsections 5.1
and 5.2, respectively. In practice, it turns out that most isogeny classes AV(hr )
fall into one of these two cases.
Secondly, in Subsection 5.3, we focus on the problem of determining when
two modules in B(g , s) are isomorphic. We present efficient solutions to the
problem in the cases described in Subsections 5.1 and 5.2. Morover we describe
a general method to solve the isomorphism problem for modules in B(g , s),
which in practice turns out to be slower than the previous two, and can not be
used to list the representatives of the isomorphism classes.
Finally, in Subsection 5.4 we give examples of computations of base field
extension of abelian varieties.
5.1 Isomorphism classes when hr is irreducible
Assume that the polynomialhr is irreducible, that is,hr = g or equivalently s = 1.
We fix once and for all an isomorphism Kh ≃ Kg . This allows us to identify Rg
with a finite index order contained in Rh and consequently we can identify the
objects of the category B(g ,1) with fractional Rg -ideals. Moreover the opera-
tion of ideal multiplication induces the structure of a commutative monoid on
B(g ,1). The set of ideal classes inherits such a structure: we call it the ideal class
monoid of Rg and denote it by ICM(Rg ). In [Mar] we give an effective algorithm
to compute ICM(Rg ). Moreover, it is easy to determine if two fractionalRg-ideals
I1 and I2 define the same class in ICM(Rg ). Recall the definition of colon ideal
(I1 : I2)=
{
a ∈Kg : aI2 ⊆ I1
}
.
Theorem 5.1. [Mar, Corollary 4.5] The fractional Rg -ideals I1 and I2 are isomor-
phic if and only if the following two conditions hold:
(1) 1 ∈ (I1 : I2)(I2 : I1);
(2) the fractional ideal (I1 : I2) is a principal (I1 : I1)-ideal.
If (1) is satisfied then (I1 : I2) is an invertible fractional (I1 : I1)-ideal, and
there are well known algorithms to check whether it is principal. See also [Mar,
Algorithm 5].
5.2 Isomorphism classes when Rg is Bass
Recall that an order S in a number fieldK is Bass if every overorder is Gorenstein,
or equivalently, if themaximal order OK has cyclic index in S, that is, the finite S-
module OK /S is cyclic. For the proofs of these statements and other equivalent
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definitions, see for instance [LW85, Theorem 2.1]. Examples of Bass orders are
maximal orders and orders in quadratic number fields.
If the order Rg is Bass, the modules in B(g , s) can be written up to Rg -linear
isomorphism as a direct sum of fractional Rg -ideals. More precisely, we have the
following theorem, see [Bas63] or [BS66].
Theorem 5.2. Assume that Rg is a Bass order and let M be in B(g , s). Then there
are fractional Rg -ideals J1, . . . , Js satisfying
(J1 : J1)⊆ . . .⊆ (Js : Js)
and elements v1, . . . ,vs in M such that
M = J1v1⊕ . . .⊕ Jsvs .
Moreover, given another module N in B(g , s) with decomposition
N = I1u1⊕ . . .⊕ Isus ,
we have that M and N are Rg -isomorphic if and only if
(Jk : Jk )= (Ik : Ik)
for each k and
J1 · . . . · Js ≃ I1 · . . . · Is .
Let M be in B(g , s), with Rg Bass. We can explicitly compute a decomposi-
tion
M = J1v1⊕ . . .⊕ Jsvs
by following the proof of [BS66, Lemma 7]. For completeness we briefly recall
the method. We start with a Z-basis ofM
M = a1Z⊕ . . .⊕alZ,
where l = deghr = dimQK sg . Let S be themultiplicator ring ofM in Kg , that is,
S =
{
a ∈Kg : aM ⊆M
}
.
By [BF65, Lemma 6] there exists φ ∈HomZ(M ,Z) such that aφ 6∈HomZ(M ,Z) for
every a ∈ OKg \S. Let e1, . . . ,es be the orthogonal idempotents of K sg and define
vi in K
s
g to be the dual basis with respect to φ, that is, (eiφ)(v j )= 1 if i = j and 0
otherwise. Put v = v1+ . . .+ vs . Now, each element w of M in K sg can be written
in a unique way as
w = ξv + y
for ξ ∈ Kg and y orthogonal to v . Let I be the subset of coefficients ξ in Kg when
w runs over all elements of M . Observe that I is a fractional Rg -ideal and one
can prove that the multiplicator ring of I is S. We then have a decomposition
M = Iv ⊕M1,
whereM1 is an object ofB(g , s−1) withmultiplicator ring containing S. We can
then proceed recursively to obtain the whole decomposition ofM .
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5.3 Isomorphism testing
Let M1 and M2 be two modules in B(g , s). If s = 1 we can use [Mar, Algorithm
5] to check if they are isomorphic. If Rg is Bass, for any s ≥ 1, we can use the
algorithm described in Subsection 5.2 to compute the decompositions of M1
andM2 and then conclude by using Theorem 5.2 together with [Mar, Algorithm
5].
If s > 1 and Rg is not Bass we can use the following method. Observe that
M1 and M2 are isomorphic as Rg -modules if and only if they are so as Z[αg ]-
modules, since Z[αg ] has finite index in Rg . Letm1 (respectivelym2) be thema-
trix that represents multiplication by αg with respect to any Z-basis of M1 (re-
spectivelyM2). Observe thatm1 andm2 are N ×N matrices with integer entries
and the same characteristic polynomial g s and minimal polynomial g , where
N = sdeg(g ).
Theorem 5.3. The modules M1 and M2 are isomorphic in B(g , s) if and only if
m1 and m2 are conjugate over the integers, that is, if there exists a matrix U in
GLN (Z) such that
m1 =Um2U−1.
Proof. The theorem is a direct consequence of generalizations of [LM33]. Such
generalizations can be found in [Mar, Theorem 8.1] and in [Hus16].
The algorithmdescribed in [EHO19] allows us to test whetherm1 andm2 are
conjugate over Z. Such an algorithm has the advantage of being very general, at
the cost of being slower than the methods described above for the particular
cases when s = 1 or Rg is Bass.
5.4 Applications to abelian varieties
The algorithms described above allow us to explicitly compute base field exten-
sions of abelian varieties as we show in the next example.
Example 5.4. Consider the polynomial h= x6−x3+8 corresponding to an isogeny
class of ordinary abelian 3-folds over F2. Denote by Kh the number fieldQ[x]/(h)
and by αh the class of x in Kh . It turns out that the order Rh = Z[αh,2/αh ] is
maximal and has Picard group of order 3 generated by the prime ideal ph = 2Rh+
αhRh . So in particular there are 3 isomorphism classes of abelian varieties in this
isogeny class, corresponding to Rh , ph and p
2
h
.
We now extend the isogeny class to the field F26 , which means that we look at
the polynomial
h6 = x6+45x5+867x4+9135x3+55488x2+184320x+262144.
Observe that h6 = g 3, where
g = x2+15x+64.
9
Put Kg = Q[x]/(g ), αg = x mod g and Rg = Z[αg ,64/αg ]. Note that Rg is the
maximal order of Kg and that it has a Picard group of order 3 generated by pg =
2Rg+αgRg . Since Rg is Bass, using Theorem5.2, we can see that the isomorphism
classes of abelian varieties in the isogeny class determined by h6 correspond to the
direct sums in B(g ,3)
M1 =Rg ⊕Rg ⊕Rg ,
M2 =Rg ⊕Rg ⊕pg ,
M3 =Rg ⊕Rg ⊕p2g .
Moreover, using the same notation as in Theorem 2.2, we can verify that
E2(Rh)=M1,
E2(ph)=M2,
E2(p
2
h)=M3.
6 Twists
Recall that two abelian varieties A and A′ over Fq are twists of each other if there
exists some r > 1 such that Ar ≃Fqr A′r . If this is the case we say that A and A′ are
r -twists. We say that A′ is a trivial twist of A if A ≃Fq A′.
Assume now that A and A′ are simple and ordinary. A necessary condition
for A and A′ to be r -twists is hAr = hA′r . For simplicity of exposition we assume
that A and A′ are isogenous, say both inAV(h). SeeRemark 6.2 for an explanation
about how to adapt the method descried to the general case.
Proposition 6.1. Let A and A′ be simple and ordinary abelian varieties, both in
the isogeny class AV(h). Let r > 1 and write hr = g s , with g irreducible.
(1) The abelian varieties Ar and A
′
r are isomorphic if and only if Fhr (Ar ) and
Fhr (A
′
r ) are isomorphic in B(g , s).
(2) Moreover, if s = 1, that is, hr is irreducible then Ar and A′r are isomorphic if
and only if A and A′ are.
Proof. Part (1) follows fromTheorem 4.1. To prove (2) observe that if hr = g then
the inclusion Kg ,→ Kh given by αg 7→ αrh (discussed in Section 4) is an isomor-
phism. This implies that the functor E2 :B(h,1)→B(hr ,1) from Theorem 4.1 is
fully faithful and hence
HomFq (A,A
′)≃HomFqr (Ar ,A′r ).
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We can use the results contained in Subsection 5.3 in order to test the iso-
morphisms of Proposition 6.1, that is, we have an algorithm to test whether
two abelian varieties given as modules in the appropriate category B(h,1) are
r -twists, for a fixed r > 0. The implementation of such an algorithm is available
on the author’s webpage.
Remark 6.2. The assumption that A and A′ are isogenous is made to simplify the
exposition. If A and A′ are r -twists but not necessarily isogenous, say A ∈ AV(h)
and A′ ∈ AV(h′) with hr = h′r , then we can still use the theory developed in the
previous sections to explicitly compute the corresponding modules and isomor-
phisms, but we will have to work with the two functors Fhr : AV(hr )→ B(g , s)
and Fh′r : AV(h
′
r )→B(g , s). The implementation of our algorithms includes this
case and it is demonstrated in Example 7.5.
In the reminder of this section we give examples of concrete computations.
Example 6.3. Let h = x4−205x2+1032 and consider the isogeny class of ordinary
simple abelian surfacesAV(h) over F103. InAV(h) there are 12 isomorphismclasses
which are represented by the fractional Rh-ideals
pi3p
j
5
for i = 0,1 and j = 0, . . . ,5, where p3 is the unique prime of Rh above 3 and p5 =
(5,1+αh ). Observe that h2 = g 2, where g = x2−205x+1032. Moreover, by looking
at the square roots of the roots of h2 one can easily verify that there is no 103-Weil
polynomial other than h whose extension gives h2. The order Rg is maximal and
has cyclic Picard group of order 6, generated by the class of P = (5,−1+αg ). In
particular the objects of B(g ,2) can be represented by
Rg ⊕Pk , for k = 0, . . . ,5.
Using the methods described in Subsection 5.3 we compute
E2(p
j
5)≃ E2(p3p
j
5)≃Rg ⊕P j for j = 0, . . . ,5.
This tells us that for each j = 0, . . . ,5 the only non-trivial 2-twist of the abelian
variety corresponding to p
j
5 is the abelian variety corresponding to p3p
j
5. In other
words, if we denote by Ai , j the abelian variety such that Fh(Ai , j )= pi3p
j
5 then we
have
A0, j ⊗F103 F1032 ≃ A1, j ⊗F103 F1032 .
Example 6.4. Let h = x4−18x2+169 and g = x2−18x +169. The isogeny class
AV(h) of abelian surfaces over F13 extends to the isogeny class AV(g
2). By looking
at the complex roots of the polynomial g , one can easily check that h is the only
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13-Weil polynomial for which this happens. The order Rh is not Bass and it has 3
proper overorders:
S :=Rh+
(
1+α2
h
2
+
α2
h
−5
26
αh
)
Rh ,
T :=Rh+
α2
h
−5
26
αhRh ,
and the maximal order OKh . Among these orders, the only non-Gorenstein one
is S. One computes using the methods described in Subsection 5.1 that the 12
isomorphism classes of B(h,1) are represented by the following set of ideals:{
Rh, I , I
2, I 3,S, I S,S t , I S t ,T, IT,OKh , IOKh
}
,
where I is a generator of Pic(Rh)≃Z/4Z and S t is the trace dual ideal of S, that is,
S t =
{
z ∈Kh : TrKh/Q(zS)⊆Z
}
.
The order Rg is Bass and has only one proper overorder, the maximal order OKg .
Observe that by [Mar19, Corollary 4.3] we have that each abelian variety inAV(g 2)
is isomorphic to a product of isogenous elliptic curves. We have Pic(Rg )≃Z/2Z×
Z/2Z. We denote by I the generator isomorphic to any of the two prime ideals
above 47 and by A the other generator. The isomorphism classes of modules in
B(g , s) are represented by
M1 =Rg ⊕Rg , M2 =Rg ⊕I,
M3 =Rg ⊕A, M4 =Rg ⊕IA,
M5 =Rg ⊕OKg , M6 =Rg ⊕IOKg ,
M7 =OKg ⊕OKg , M8 =OKg ⊕IOKg .
We compute that the following isomorphisms of Rg -modules hold
M2 ≃ E2(I )≃ E2(I 3), M3 ≃ E2(Rh)≃ E2(I 2),
M5 ≃ E2(I S t )≃ E2(I S), M6 ≃ E2(S t )≃ E2(S),
M7 ≃ E2(IT )≃ E2(OKh ), M8 ≃ E2(T )≃ E2(IOKh ),
which allows us to identify the 2-twists in the isogeny class AV(h).
Remark 6.5. In Example 6.4 we notice several interesting behaviours. Since the
order S is the unique non-Gorenstein overorder of Rg we deduce that it is must be
CM-conjugate stable, that is, S = S and in particular, we have that S t = S t is not
isomorphic to S. This tells us that the abelian variety corresponding to S is not
isomorphic to its own dual, which corresponds to S t and in particular, it is not
principally polarizable. But the extension E2(S)≃M6 corresponds to a product of
two elliptic curves which has the product principal polarization.
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Moreover, since S is not Gorenstein, S t and S are not even weakly equivalent,
that is, there exist a prime p of S such that S tp 6≃ Sp. The notion of weak equiv-
alence was introduced in [DTZ62] and in [Mar] we give effective algorithms to
check whether two fractional ideals are weakly equivalent. Since E2(S) ≃ E2(S t )
we deduce that the weak equivalence class of an abelian variety does not corre-
spond to a geometric invariant of the corresponding abelian varieties.
Also, the abelian varieties corresponding to IT and OKh which have respec-
tively endomorphism rings isomorphic to T and OKh are 2-twists.
7 Galois cohomology
Put K = Fp andG =Gal(K /Fq ). Write Fr for the Frobenius element ofG . Let A be
an abelian variety over Fq and put AK := A⊗K . Observe that Fr acts on AutK (A)
by the following rule: given τ ∈ AutK (A) write τFr for the twisted automorphism
of AK defined by
τFr = (idA⊗Fr)◦τ◦ (idA⊗Fr−1).
Such an action turns AutK (A) into a topological G-module. Recall that a cocycle
ofG with values in AutK (A) is aG-linear map ε :G→AutK (A) such that
ε(g1g2)= ε(g1)
(
ε(g1)
g2
)
,
for every g1,g2 ∈G . We denote by Z 1(G ,AutK (A)) the set of cocycles of G with
values in AutK (A). We say that ε1,ε2 ∈ Z 1(G ,AutK (A)) are cohomologous if there
exists σ ∈AutK (A) such that
ε1(g )=σε2(g )σ−1,
for every g ∈G . Observe that being cohomologous defines an equivalence rela-
tion on Z 1(G ,AutK (A)). The corresponding set of equivalence classes is denoted
H1(G ,AutK (A)).
Denote by Θ(A/Fq ) the set of Fq-isomorphism classes of twists A
′ (over Fq )
of A. The class of A′ in Θ(A/Fq ) is represented by a geometric isomorphism
φ : AK → A′K . Given such φ : AK → A′K define themap εφ :GFq →AutK (A) by
εφ :α 7→φ−1 ◦ φα .
It is an easy verification that εφ ∈ Z 1(G ,AutK (A)).
Two automorphisms τ1,τ2 ∈ AutK (A) are called Fr-conjugate if there exists
σ ∈AutK (A) such that
τ1 =σ−1τ2( σFr ).
Being Fr-conjugate is an equivalence relation. Let S be the set automorphisms
τ ∈AutK (A) such that there exists n for which
(i) τFr
n = τ, and
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(ii) (τ · τFr · · · τFrn−1 ) has finite order.
Observe that (i) is equivalent to saying that τ lies in AutFqn (A) and that the set S
contains Tors(AutK (A)). Denote byS the set of Fr-conjugacy classes of elements
of S .
Proposition 7.1. The maps φ 7→ εφ and ε 7→ ε(Frq ) yield bijections:
Θ(A,Fq )→H1(GFq ,AutK (A))→S .
Proof. By [Ser02, Ch.III Âg˘1.3 Prop.5] the map φ 7→ εφ induces a bijection
Θ(A,Fq )→H1(GFq ,AutK (A)).
Moreover, by [Ser02, Ch.I Âg˘5.1], the map ε 7→ ε(Fr) induces a bijection
H1(GFq ,AutK (A))→S .
Remark 7.2. Compare Proposition 7.1 with [KP19, Prop. 3.5] and [MT10, Prop. 5
and Prop. 9], where there are analogous results for principally polarized abelian
varieties and curves over finite fields, respectively. The main difference with our
result is that since we consider unpolarized abelian varieties the automorphism
groups are infinite if dim(A)> 1.
Corollary 7.3. Let A be an abelian variety over Fq such that AutK (A)= AutFq (A).
Let τ ∈ Tors(AutFq (A)). Assume that τ lies in the center of AutK (A) and has order
r . Then there exists a twist φ : Ar → A′r such that if we denote by pi and pi′ the
Frobenius endomorphisms of A and A′ respectively, we have
φ−1 ◦pi′ ◦φ=pi◦τ−1. (1)
In particular pi◦τ−1 and pi′ have the same characteristic polynomial.
Proof. Since all automorphisms are defined over the base field, Fr-conjugacy
coincides with usual conjugacy. Moreover the conjugacy class of τ contains only
τ. By the bijections described in Proposition 7.1, the automorphism τ defines a
twist φ : AK → A′K . Since τ is defined over Fq then for every positive integer n we
have
τ · τFr · τFr2 · · · τFrn−1 = τn
and hence by [KP19, Rmk. 3.7] the twist φ : AK → A′K is defined over Fqr . More-
over, by [KP19, Prop. 3.9] the twist φ : Ar → A′r satisfies
φ−1 ◦pi′ ◦φ=pi◦τ−1,
as required.
14
Corollary 7.4. Let A be a squarefree ordinaryabelian variety over Fq . If the simple
isogeny factors of A are absolutely simple, then the association
Tors(AutFq (A))−→Θ(A,Fq )
τ 7−→φ
of Corollary 7.3 is a bijection.
Proof. By thehypothesis on Awehave that AutFq (A) lies in the center of EndK (A)
and EndFq (A) = EndK (A). Moreover the set S equals Tors(AutFq (A)). Proposi-
tion 7.1 and Corollary 7.3 yield the desired bijection.
Corollary 7.4 allow us to identify which twist is induced by τ bymeans of the
relation (1), as we show in Example 7.5.
Example 7.5. Consider the 54-Weil polynomial
h4 = x6−112x5+5872x4−184786x3 +5872 ·54x2−112 ·58x+512.
The corresponding isogeny class AV(h4) can be attained as base field extension of
4 primitive absolutely simple isogeny classes determined by the following 5-Weil
polynomials
h(1) = x6+4x5+12x4+36x3+60x2+100x+125,
h(2) = x6−4x5+12x4−36x3+60x2−100x+125,
h(3) = x6−4x4−2x3−20x2+125,
h(4) = x6−4x4+2x3−20x2+125.
The isogeny classes AV(h(1)),AV(h(2)),AV(h(3)) and AV(h(4)) contain 1, 1, 14 and 14
isomorphism classes of abelian varieties, respectively. Each isogeny class AV(h(i ))
contains a single abelian variety with 4 distinct torsion automorphisms, which
we will denote by 1,−1, ιi and −ιi , with orders 1,2,4,4, respectively. All the other
26 isomorphism classes have only two torsion automorphisms, namely 1 and −1.
We do not add a pedix to the automorphisms 1 and −1 since all abelian varieties
considered have only one automorphism of order 1, the identity, and one auto-
morphism or order 2, so no confusion can arise. In the following 30×30 matrix
in the entry (i , j ) we write " · " if the i -th and j -th isomorphism classes are not
4-twists and, otherwise, 1,−1, ιi or −ιi for the torsion automorphism of the i -th
abelian variety which induces the twist.
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

1 −1 · · · · · · · · · · · · · ι1 · · · · · · · · · · · · · −ι1
−1 1 · · · · · · · · · · · · · ι2 · · · · · · · · · · · · · −ι2
· · 1 · · · · · · · · · · · · · −1 · · · · · · · · · · · · ·
· · · 1 · · · · · · · · · · · · · −1 · · · · · · · · · · · ·
· · · · 1 · · · · · · · · · · · · · −1 · · · · · · · · · · ·
· · · · · 1 · · · · · · · · · · · · · −1 · · · · · · · · · ·
· · · · · · 1 · · · · · · · · · · · · · −1 · · · · · · · · ·
· · · · · · · 1 · · · · · · · · · · · · · −1 · · · · · · · ·
· · · · · · · · 1 · · · · · · · · · · · · · −1 · · · · · · ·
· · · · · · · · · 1 · · · · · · · · · · · · · −1 · · · · · ·
· · · · · · · · · · 1 · · · · · · · · · · · · · −1 · · · · ·
· · · · · · · · · · · 1 · · · · · · · · · · · · · −1 · · · ·
· · · · · · · · · · · · 1 · · · · · · · · · · · · · −1 · · ·
· · · · · · · · · · · · · 1 · · · · · · · · · · · · · −1 · ·
· · · · · · · · · · · · · · 1 · · · · · · · · · · · · · −1 ·
ι3 −ι3 · · · · · · · · · · · · · 1 · · · · · · · · · · · · · −1
· · −1 · · · · · · · · · · · · · 1 · · · · · · · · · · · · ·
· · · −1 · · · · · · · · · · · · · 1 · · · · · · · · · · · ·
· · · · −1 · · · · · · · · · · · · · 1 · · · · · · · · · · ·
· · · · · −1 · · · · · · · · · · · · · 1 · · · · · · · · · ·
· · · · · · −1 · · · · · · · · · · · · · 1 · · · · · · · · ·
· · · · · · · −1 · · · · · · · · · · · · · 1 · · · · · · · ·
· · · · · · · · −1 · · · · · · · · · · · · · 1 · · · · · · ·
· · · · · · · · · −1 · · · · · · · · · · · · · 1 · · · · · ·
· · · · · · · · · · −1 · · · · · · · · · · · · · 1 · · · · ·
· · · · · · · · · · · −1 · · · · · · · · · · · · · 1 · · · ·
· · · · · · · · · · · · −1 · · · · · · · · · · · · · 1 · · ·
· · · · · · · · · · · · · −1 · · · · · · · · · · · · · 1 · ·
· · · · · · · · · · · · · · −1 · · · · · · · · · · · · · 1 ·
−ι4 ι4 · · · · · · · · · · · · · −1 · · · · · · · · · · · · · 1


8 Field of definition
Let A be an abelian variety over Fq and k be a subfield of Fq . We say that A is
defined over k if there exists an abelian variety A′ over k such that A′ ⊗k Fq is
isomorphic to A over Fq . We say that an abelian variety A over Fq is primitive if
there is no proper subfield k of Fq such that A is defined over k . Moreover, for a
q-Weil polynomial h, we say that isogeny class AV(h) is primitive if every abelian
variety A in AV(h) is so.
Let h be an irreducible ordinary q-Weil polynomial. By looking at the com-
plex roots of h it is easy to list all q0-Weil polynomials h0, with Fq0 ⊆ Fq , that give
h after a base field extension to Fq . Observe that each such h0 is irreducible and
for any subfield Fq0 ⊆ Fq there might be more than one q0-Weil polynomial that
extends to h.
Example 8.1. The isogeny class of elliptic curves over F16 determined by h16 =
x2−x+16 is not primitive and can be attained as a base extension of the primitive
isogeny classes h4 = x2 − 3x + 4 over F4 and of both h2,1 = x2 + x + 2 and h2,2 =
x2−x+2 over F2.
Corollary 8.2. Let h be an irreducible ordinary q-Weil polynomial. Let t be some
positive integer. For A in AV(ht ), consider the Rh-module M =Fht (A) in B(h, t).
Let h0 be a q0-Weil polynomial that extends to h. The abelian variety A can be de-
fined over Fq0 if and only if M is an Rh0-module, that is, there exists M0 inB(h0, t)
such that E2(M0)≃M.
Proof. This is a consequence of Corollary 4.2.
Example 8.3. Using the same notation as in Example 8.1, we fix isomorphisms
between Kh16 , Kh4 , Kh2,1 and Kh2,2 so that we can work in Kh16 , which we will de-
note by K .
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The order Rh16 has index 3 in the maximal order OK . Moreover the images
in K of the orders Rh4 , Rh2,1 and Rh2,2 all equal the maximal order OK . Since the
Picard group of Rh16 has order 4 and OK is a principal ideal domain, we see that
there are 5 isomorphism classes of elliptic curves inAV(h16). The first 4 have endo-
morphism ring isomorphic to Rh16 and so by Corollary 8.2 cannot be defined over
any proper subfield of F16. On the other hand, the unique isomorphism class with
maximal endomorphism ring can be defined over F4 or over F2. It is not hard to
determine equations of the representatives of these classes. Write F16 = F2(T ) and
F4 = F2(S), for T 4+T +1= 0 and S2+S+1= 0. Consider the elliptic curves
E16,i : y
2+xy = x3+T 2i ∈AV(h16), for i = 0,1,2,3,4,
E2,1 : y
2+xy = x3+1 ∈AV(h2,1),
E2,2 : y
2+xy + y = x3+1 ∈ AV(h2,2),
E4 : y
2+xy +Sy = x3+S ∈AV(h4).
We have that E16,0 is isomorphic to E2,1⊗F2 F16, E2,2⊗F2 F16 and E4⊗F4 F16. We
deduce that E16,0 has maximal endomorphism ring, while E16,i for i = 1, . . . ,4
represent the isomorphism classes with endomorphism ring isomorphic to R16.
Example 8.4. Consider the situation of Example 6.3. From the computations de-
scribed, we see that the 6 isomorphism classes of abelian varieties in AV(h2) are
extensions of abelian varieties from AV(h), that is, they can all be defined over
F103.
Example 8.5. Consider Example 6.4. Herewe see that not all isomorphismclasses
in AV(h2) are extensions. Indeed the varieties corresponding to the modules M1
and M4 cannot be defined over the prime field F13.
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